We study iterations of the Darboux transformation for the generalized Schrödinger operator and consider applications to the Dym and Camassa-Holm equations.
Introduction
We consider the generalized Schrödinger equation ϕ yy = (q(y) − λr 4 (y))ϕ and the associated Dym [1] and Camassa-Holm equations [2] . Although this equation can be brought to the standard form with r = 1 by a Liouville transformation, reformulating the known results is not quite trivial because of a change of the independent variable. This results in some difficulties in both setting the boundary value problems and constructing the solutions. In particular, all the known exact solutions are written not explicitly but in a parametric form, and many of them have singularities. and many other works). It is not always possible to copy the existing results because of the actual differences in the settings of the spectral problems, but the main ideas at least should be reproduced. We try to do this in this paper. The presence of two potentials allows combining the Darboux and Liouville transformations. This leads to interesting consequences and deserves a detailed study. The key observation in this paper is that one such combination is almost as simple as the Darboux transformation itself but corresponds to the gauge q = 0 rather than r = 1.
Liouville and Darboux transformations
Our aim in this section is to introduce the transformations acting on the set of generalized Scrödinger equations ϕ yy = (q(y) − λr 4 (y))ϕ.
The classical Liouville transformation has the general form where a(ỹ) is an arbitrary function. We use its particular cases to bring Eq. (1) to several special forms. We start with the transformation that eliminates the factor r. We use a special notation for this form of the equation because of its importance.
Statement 1 (Liouville transformation). Equation (1) can be brought to the form
by the change of variables dx = r 2 dy, ψ = rϕ, u = q r 4 + r xx r .
